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Q ABSTRACT. A representation of the quantum superalgebra U q (sl(M + 1\N + 1)) is 
constructed based on the g-differential operators acting on the coherent states pa- 
rameterized by coordinates. These coordinates correspond to the local ones of the 
C^") , flag manifold. This realization provides us with a guide to construct the free field 

realization for the quantum affine superalgebra Uq(sl(M + 1|JV + 1)) at arbitrary 
level. 
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£SJ ■ 1. Introduction. 

It has been established that affine quantum algebras play an important role in stud- 
ies on the mathematical physics and solvable systems. It has also been cleared that 
the representation theory of these algebras, particularly, the free field realization [1-3] 
provides us a powerful tools. In order to construct the free field realization for the 
quantum algebra C7q(g)[4-9],it gives us a guide that the corresponding Lie algebras 
q is realized in terms of the (/-differential operators ,in other words, the (/-deformed 
J> | harmonic oscillators[10-13]. 

On the other hand, affine superalgebras have also attracted attention in rela- 
tion to superconformal algebras and superstrings and topological field theories. 
There is possibility for the (/-deformed models of these models to have physical 
meanings. So it is worthwhile to investigate the representation of affine quantum 
superalgebras[14-17]. In the previous work[18] we have constructed a level-one rep- 
resentation of the quantum affine superalgebra U q (sl(M + 1\N + 1)) and the vertex 
operators associated with representations on the line of the Frenkel and Jing's con- 
struction^]. In order to extend the representation to the case of arbitrary level, 
we have to consult the forms of the Wakimoto construction with ghost systems[l]. 
It is well known that there is the close relation between the Wakimoto construction 
and the realization by the differential operators on the flag manifold. 

The aim of this paper is to construct the realization based on the (/-differential 
operators acting on the space of analytic functions on the coordinates of the coher- 
ent states corresponding to the local coordinates of the flag manifold. There have 
been already the papers to construct the representations of quantum Lie superal- 
gebras in terms of (/-oscillators or (/-differential operators [20, 21]. We construct the 
representation of the quantum Lie superalgebra U q (s{(M + l|iV + 1)) on the same 
method in the paper [21]. This realization will help us to construct the free field 
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realization for the quantum affine algebra U q (sl(M + 1\N + 1)) at arbitrary level, 
which is the g-deformation of the Wakimoto construction. 

2. Differential operator realization of st(M + 1\N + 1). 

The Cartan matrix of the Lie superalgebra sl(M + 1\N + 1) is written as a,ij = 
(yi + v i+1 )5 itj - Vi5 itj+1 - v i+1 S i+ltj = 1, 2 • ■•, M + N + 1) ,where Vj = 1 for 
j = 1, • • ■ ,M + 1 and Uj = -1 for j = M + 2, ■ ■ ■ ,M + N + 2. The Lie superalgebra 
sl(M+l\N+l) is defined by the Chevalley generators hi,ei,fi(i = !,■■■ ,M+N+l). 
The Z 2 — grading) • | — > Z 2 of the generators are:|eM+i| = |/m+i| = 1 and zero 
otherwise. The relations among these generators are 

[h,h 3 }=0, (1) 

[hi,ej] =a ij e j , (2) 

1> ■■}';,. <iij.fr (3) 

[e%,fj] =Sijhij, (4) 



[ejje,-,^]] =0 
[/;,[/;, /<]] = <> 



for 1^,1 = 1,^ M + l, (5) 



[ejw+i, [eM+2, [eM+i, e M ]]] =0, (6) 
[/m+i, [/m+2, [/m+i, /m]]] =0, (7) 

where we have used the notations [X,Y] = XY — (— l)\ x W Y \Y X. For the odd 
generator eM+i, the Serre relations are changed. 

Let us introduce an orthonormal basis {_£i\i = 1, ■ • • , M + N + 1} with the 
bilinear form {£i\£j) = The simple roots are written as aij = z^£j — v i+ i£ i+ i 

and (ajlccj) = a^- is satisfied. Let V\ be the Verma module over sl(M + l|iV + 1) 
generated by the highest weight vector jA > which satisfies the highest weight 
conditions: ei|A>= 0, hi\A>= (a i |A)|A>. Weight vectors are written as 

|A; n lm >= (X," ) n "» |A> (1 < / < m < M + + 1), (8) 

where are the generators correspond to the roots ai m = ai+ai + \ + ■ ■ ■+a m (l < m). 
The dual module V A * is generated by < A| such that <A|/j = 0, <A|/i, = (a^A) < 
A[, whose dual weight vectors are < A;ni m \ =< A; ni m \(X^ m ) n ' m (1 < I < m < 
M + N + 1). Let's introduce the coherent state: 

oo _ 

|x >= |xn,xi2, . . . ,x m +n+im+n+i >= [\ }2 -\A;m m >= Y[e x ' mXlm \A > ■ 

n film- ,^ 

l<mni m ={) l<m 

(9) 

Here xi m (l <l<m<M + N + l) are the coordinates defined as 

j zi m (l < I < m < M; M + 2 < I < m < M + N + 1) 
Xlm ~ \ 9i m (l < I < M + 1, M + 1 < m < M + N + 1), ( W) 

where zi m are complex variables and 9i m are Grassmann odd ones which satisfy 
the relations 6i m 0im = 0,9i m 0ij = —6ij0i m (l,m) / (z,j).The bilinear form V£ <8> 
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V A -> Cis defined by < A[A >= 1 and (< x|X)|y >=< x|(X|y >) for any < x| G 
V£, |y >S V\ and X € sl(M + 1\N + 1). We can construct the representation in 
the space of analytic functions on the coordinates {xij} through the bilinear form. 
The coordinates 1 x^x"- 1 and the differential operators M\ m = x\ m -^-- (1 < I < 
m < M + N + 1) generate the Heisenberg algebra TLl with relations: [M^-, x^] = 

^i,l^j,mX lm - 

Proposition 1. The superalgebra sl(M + 1\N + 1) is realized by the Heisenberg 
algebra TLl- 

M+N+l m m 

K = - ^2 a ir M lm + (Oil A) 

m=l 2 = 1 r=i 
i-l 

ej = a^M^ + ^ xu-xX^Mu 
i=i 

i-l M+N+l 

fi = Vi^2 X li X U-l M li-l ~ U i+1 ^2 X U X 7+\l M i+U 
1=1 l=i+l 

(M+N + l mm n. 
m=i+l 1 = 1 r=l ' 

proof. 

We can determine the form of the generators using the following commutation 
relations: 



m 

[hi,e x ^ x ^] = -Y,a ir M rm e x >™ x ^, (14) 

r=l 

[e,,e^ x «]|A>= Sijxu^- + (a, |A)) e*"*" |A>, (15) 

[e i ,X j i\ = v i Xr i _ 1 , (16) 

[e i ,X ij ] = -v i+1 Xr +lj , (17) 

[/ i ,X ji _ 1 ]=Xr, (18) 



[/i,^]=0, [f J ,Xj:}=0, [f k ,XJl}=0 (j + l<k<i-l). (19) 

We also check the results by the explicit calculation for the commutations of the 
generators. 

3. (/-Differential operator realization of U q (sl(M + 1\N + 1)). 
Now we are the position to extend the representation on the Heisenberg algebra 
to the case of the quantum Lie superalgebra U q (sl(M + l|iV + 1)). If there is no 
confusion, we adopt the same notations in the case of sl(M+l\N+l). The relations 



9 i 1 is defined as a differential operator, 8q. . 



(11) 

(12) 
(13) 
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among the Chevalley generators U, ej, fi(i = 1, • ■ ■ , M + Af + 1) are written by 



tit, = tjU, (20) 

Uejti 1 = q aij ej, (21) 

'<./:,/, ; '/ " (22) 

[ej-Je^ei],-!], = 1 . 

rr rr ri i _n f for |<% I = 1, j ^ M + 1, (24) 

K+i, [eM+2, [eM+i, ejif],-i],] =0, (25) 

[/m+i, [/m+2, [/m+i, /m]q-i] 9 ] =0, (26) 



where we have used the notations [X, Y]t = XY — (-l)l x ll y l^yx and q is complex 
number such that \q\ ^ 1. The deformation of the differential operator is defined 
by the difference operator 2 on the coordinates(xij)(l <i<j<M + N + l) as 

where [n] is a standard notation q q Z q -± ■ The quantum affine super algebra U q (sl(M+ 
1\N + 1)) can be endowed with the graded Hopf algebra structure. We take the 
following coproduct 

A(e i ) = e i ®l + U®e i , A(/ 4 ) = /j t" 1 + 1 ® / i} A(tf x ) = if 1 ® if 1 , 

(28) 

and the antipode 

a( ei ) = -tr 1 ^, a(fi) = -f i t i , a(tf 1 )=tf 1 . (29) 

The coproduct is an algebra automorphism A(xy) = A(x)A(y) and the antipode is 
a graded algebra anti-automorphism a(xy) = (—l)^ x ^a(y)a(x) for x,y G J7 g (s[(M+ 
1|JV + 1)). 

Let V/v be the Verma module over t/q(s[(M + 1| N + 1)) generated by the highest 
weight vector |A > such that e^A >= 0,ij|A >= g( Qi l A )|A >. Weight vectors are 
written as \J\;n lm >= (X~ m ) ni ™ |A; n lm > (1 < I < m < M + N + 1), where 
X^ = ff and X^ m (l < m) are the generators corresponding to the non-simple 
roots ol\ + ai + i + • • • + a m : 

Xlm = [fm, [fm-li [fm-2, • • • , [fl+1, fl] q -"l+i] q -"l+2 ■ ■ ■ \q-"m ■ (30) 

The dual module V£ is generated by < A| such that <A|/j = 0, <A|ij = <?( Qi l A ) <A|. 
A (/-deformed coherent state is defined by 

|X > q = |xn,Xl2, • • • ,X M +N+1M+N+1 >q= [\ }2 j TJ | A; Ul m >= JJ e q m im |A>, 

l<mni m = 1 lm '' l<m 

(31) 

where e q is a ^-exponential function: e q = Xln^o pip- The bilinear form V£ <S> V\ — > 
Cis defined by <A|A>= 1 and (<x|A)|y> = <x)|(A|y>) for any <x| € V£, |y>€ 
Va and X € U q (sl(M + 1\N +1)). We can construct the representation in the space 
of analytic functions on the coordinates {xij} through the bilinear form. 

2 There is no change in the case of Grassmann coordinates, Dg. . = O^Mm^] = My = dgij 
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Proposition 2. The quantum superalgebra U q (sl(M + 1\N + 1)) is realized by the 
Heisenberg algebra TCl- 



ti = g-E™ii iV+1 E£iEr=( a ir M lm + ( at \A) 



(32) 



i-l 



1=1 (33) 

i-l M+N+l 

fi =Vi^2q pl3 XjiXj^Mji-i] - u i+l ^2 q'^xij^+iji^+ij] 

3 = 1 j=i+l 
M+N+l m m 



+ Xi 



[ -M u ~ airMi m + (a, | A) 

m=i+l 1 = 1 r=l 



(34) 



where 



M+N+l mm i i i-l 

Pij = ~ ^2 ^2^2a ir Mi m - ^ ^2a ir Mij+ ^ f;M H _i + (a^A), 

m=i+l 1 = 1 r=l l=j + l r=l 1=3 + 1 (35) 

M+N + l m m j j j j 

Vij = ~ ^2 X] a ^ M lm ~^2^2 a ir M lj + ^2 a U~ ^2 QU + ( a *l A )- 

m=j + l 1=1 r=l l=i r=l l=i l=i+l (36) 



proof. 

We derive the forms by acting the generators £j, ej, fi(i = 1, • ■ ■ , M + N + 1) on the 
(/-deformed coherent states(31) and using the following commutation relations: 3 



[hi,e 



^2 a ir M l 



x lrn.X lr 



m^q 



r=l 



-^-M u + (a t \A) 



e q iiXii \A>, 



[ei,e q JJ "]|A>= SijXi 
[ei> x ji\ = ViXji-iU, 

fiixr^r = (x-^q-^rn + m(^-i)- 1 ^, 



[fi,Xr:] qVi =0, [fj,X 



3i'q 3 



0, \f k ,X£\=0 O' + l < *<*-!)■ 



(37) 

(38) 

(39) 
(40) 
(41) 

(42) 



Substituting the explicit Cartan matrix ajj,we obtain the following forms in terms 



3 Last three relations are derived from the Serre relations, the first two use only one Serre 
relation, while the third one uses two Serre relations. The detail calculations are given in the 
paper [22]. 
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of Vi,Mij and x^: 

M+N+l m m i-l 

Y YY airM lm = ^2(u i+1 M H - ViMii-i) 

m=l 1 = 1 r=l 1 = 1 

M+N+l 

+ Y (viMu-v i+1 M i+ll ) + fa + Vi+iWu, (43) 

l=i+l 

M+N+l m m M+N+l 

Yl Y12 airMlm = 12 faMii-Vi+iMi+u), (44) 

m=i-\-l 1 = 1 r=l l=i-\-l 
i i i—1 

Y Y a Mi = Y "i+iMii + (vi + v i+1 )Mii, (45) 

l=j + l r=l l=j + l 

3 3 

Y Y a irMij = ViMij - v i+1 M i+lj , (46) 

l=i r=l 
3 3 

12 a il ~ Y ail = V i + + ( 47 ) 

l=i l=i+l 

Proposition 3. The superalgebra sl(M + l\N + 1) is realized in terms ofMij, Xij 
,Dij and Uij . 

f _ n -Ei:>i+i^K-^^K-i)-E!!t? 1 (i'iMi!-i'i+iM j+ ii)-(i/i+i' j+ i)M ii +(a j |A) 

i y > 

(48) 

i-l 

d = q T,l=\{^+iM kl -u t M kl _ 1 ) D ^ +YqT,i=\(vi+iM ki -v i M ki _ 1 ) Xii _ iD ^^ 

1=1 % (49) 

i-l M+N+l 

fi = ^Y '/'' ■■>-,; IK, ~ Vi+i Y Q~ Vijx i3 D xi+ij 

3=1 j=i+l 
M+N+l 

Vi + Vi+1 



-Ma- Yj faMii - v^Mi+u) + (oi\A) 
i=i+i 



(50) 



where 



i-l M+N+l 

Pij = ~ Y ( U i+l M U - v i M U-l) - Y ( V i M U ~ v i+l M i+ll) 
l=j + l l=i+l 

-(i/ i + i/ i+ i)M ii + (a i |A), (51) 

M+N+l 

Vij = ~ Y {viMii-u i +iM i+u ) + {u i + v i+1 ) + {a i \K). (52) 

1=3 

proof. 

It can be checked that the generators satisfy the relations(20-26) by the explicit 
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calculation of the commutation relations using the following relations: 

\Mij\xij =x ij [M ij + l], (53) 

\Mij\Dij = DijlMij - 1], (54) 

[Dij , zi m ] = 5i t i5j, m {[M lm + 1] - [M lm ]}, (55) 

[DijAm] = Si,iSj,m{[l ~ M lm ] + [Mi m ]} = 6i,iSj, m . (56) 

We show the example of U q (sl(2\l). 

tl = g-2M 11 -M 12 +M 22 + (a 1 \A) /g^\ 

h =? Af 11 +Af ia +(a a |A) j (58) 

ei=D Xll , (59) 

e 2 =q- M ^- M ^do 22 +x 11 d ei2 , (60) 
/! = - q M ^- M ^ a ^- 2 e 12 de 22 + xn[-M n - M 12 + M 22 + (ai|A)], 

(61) 

h =q {a2lA) 12 D Xll + 9 22 [(a 2 \A)}. (62) 
We give one concrete check. 

[e 2 ,/ 2 ] = r Mll - M22 ^ 22 ,0 22 [(a 2 |A)]] + [ Xll de 12 ,q {a2lA) e 12 D xll ] 

= ^ Mll - M22 [(«2|A)] + g (a2|A) [M n + M 12 ] = t2 r*!i - (63) 
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